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L ast 0n6 Standing:

Creative, Cooperative Problem Solving

just followed along and others counted had gathered my students to play a favorite count-

E yes darted around the circle as some sudenEhe Game

ahead, trying to figure out if they would sur-ing game, in which the winner would receive an

vive or not. “In,” said one student. “Out,” saidimaginary prize. After a spirited discussion, the
the next, and then sat down. So the game wetass decided that the winner of the contest would

David A. Green around and around the circle, with every othebe given his or her favorite food for lunch for the

remained standing—the winner.

David Green, dgreen@nscds.org, teaches
third grade at North Shore Country Day
School in Winnetka, IL 60093. He is inter-
ested in open-ended mathematics activities
that promote critical thinking, reasoning, and
problem-solving skills.
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player sitting out until only one third graderrest of the school year and would have double sci-

ence time and free time, two classroom favorites. |
asked the students to raise their hands if they were
interested in entering the contest. Everybody raised
her or his hand. “But there is a catch,” | continued.
“Anyone who enters the contest and loses—which
is everybody except the one winner—will lose all
of his or her science and free time. Who still wants
to enter the contest?” Far fewer hands went up.
“The goal,” | concluded, “is to figure out how to
win every time.”
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Since the beginning of the school year, | hattial, some students stuck with Player 7, while oth-
emphasized problem solving and number sense éns chose a new winner. Many chose Player 8, the
my mathematics curriculum, impressing on myperson following the first winner. The students rea-
students how vital these skills are to good mathesonably, but wrongly, assumed that adding one
maticians. Daily “math challenges” covering amore person to the circle would increase the win-
range of content featured problems for which thaing spot by one, from Player 7 to Player 8, and
method of solving was not defined. The student:any students were surprised when Player 9 won
had encountered challenges related to our studig® round. Nevertheless, many in the class noteu
of place value, addition and subtraction, geometryhat they now knew where to stand if eleven or
measurement, multiplication, and probability. Stutwelve people played the game.
dents had to figure out how to solve such chal- “There is an even bigger catch,” | next informed
lenges by drawing on a variety of problem-solvinghe class. “When you commit to being in the con-
strategies and using their reasoning, logic, an@st, you don’t know how many other people will
mathematics skills. The activities gave us abe in the circle. Therefore, you can't count on
opportunity to discuss, and reflect on, the processiowing the one position in which to stand. For
of doing mathematics. They also underscored thmur third-grade contest, there can be 1 through 25
fact that there is not one “right way” to solve apeople in the circle, and you won't know how
problem and helped my students take risks amany people are playing until just before the con-
learners. Having spent much of the year developest begins. You need to be prepared for a circle of
ing their problem-solving and number sense skillany size. Although the contest is currently limited
my students needed to tackle a larger challengm, third graders, it is possible that others might be
one that would weave together some of the matladlowed to enter, bringing the number of players
ematics strands they had already studied arnwlto the hundreds or thousands.”
would require them to collect, record, organize,
and analyze data. They also needed a challenge .
that would require the use of not a single probleninaklng a Chart
solving strategy but multiple strategies. Thus myefore they could consider that scenario, however,
third graders embarked on a week-long mathemate students had to determine the winning positioris
ics exploration that blended together problenfior games with 1 to 25 players. Back at our seats,
solving and number sense, cooperative and indere discussed how we might solve these problems
pendent learning, and a range of mathematisgithout actually playing the games. | asked the
Content and Process Standards set forfPrinci-  class to think about the different problem-solving
ples and Standards for School Mathematics methods we previously had used in class. Students
(NCTM 2000). quickly mentioned the possibility of making a dia-

The game that | developed is played as followgram, in which they would use pencil and paper to
The contestants stand in a circle. The first person draw a circle, write numbers around it, and then
the circle says “In.” The next person says “Out,’tross out every other number until one was left.
sits down and is out of the game. The next persarhe students began to work on the problems with
says “In,” and the next player sits down. The cortheir partners. Students could choose to figure out
test continues repeatedly around the circle, knockhe winner for any number of players from 1 to 25.
ing every other person out until only one survivoiThen they would add their discoveries to a chart
remains. A similar activity, “King Arthur’s Prob- posted on the board (séable 1). Their results
lem,” is presented in Marilyn Burns’ bodWath  were to be recorded as follows:

For Smarty Pants, in which knights risk their lives
vying for the princess’s hand in marriages If the “winner” box was blank, the group would
(Burns 1982). write the winner’s position in the circle for that

Our game started with eleven students in the cir- round.
cle and the rest looking on. | identified the starting If a group arrived at an answer that was differ-
person as “Player 1” and asked students to predict ent from the number already written in the
who would win. Some students chose the winner “winner” box, the students also would write this
randomly and others did a quick count around the different answer in the “winner” box, signifying
circle. After everyone made a prediction, we disagreement.
started the elimination process until we had ow If a group arrived at an answer that was the
winner: Player 7. same as a humber in the “winner” box, the stu-

Before starting another round, | added an extra dents would write this answer in the “confirma-
student to the circle and asked the class to make tion” box, indicating that the group agreed with
new predictions. Based on the results of the first one of the answers already recorded.
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Students record their results.

Number of Players Winner Confirmation

1 1 1111
2 1 111111
3 3 3333 j
4 1 111 g
5 3,5 335333 £
6 5 555 %
7 5 7 77 £
s 1 111 &
9 7.3 33333 g
10 5 1 5555 ’"i

el
11 777 =
12 99 %
13 11 11 11 11 <
14 13 13 13 13 13 13 13 *
15 3,15 11 331511151515 many times around the circle you have to go to get
16 1 11111 a winner.” Eventually, after more unsuccessful
17 11,5 3 7 15 333113 attempts to reveal a winner, the two students aban-
18 57 555 doned their method. Clearly, though, they had con-
19 ! L sidered the problem from a unique angle, which
20 9 99 . . . .
- o TRT illuminated their thought processes regarding th_e
= AR 513 problem. _The two students later ;hared_thelr
o3 CTRETS TRT rr_1ethod with the rest of the class during a discus-
24 21, 17, 9, 1 17919 9 9 17 17 17 1 17 17 sion.
5 7 10 15 19 19 19 19 19 Periodically, | stopped the class and gave an
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update of our progress. | asked the class what we
should do about the disagreements with some of
Some groups checked the chart to see whid¢he winning numbers. After some debate and a
numbers of players needed answers and solved fdass vote, the students decided that at least three
those, while other groups simply chose playegroups had to arrive at the same answer in order for
numbers without checking the results on the chatthe class to feel confident that the winner for a
Some partners worked together to solve problemgiven number of players had been determined.
others worked separately and then compared thélith this decision guiding us, | pointed out rounds
answers. Students also were able to gauge th#iat had yet to be addressed, did not have the
accuracy based on the results that other groupsquired number of confirmations, or were closely
were posting on the class chart. As the studentsvided among different answers and needed addi-
filled in the chart, | did not comment on their accutional checking. | listed these numbers on the board
racy or ask them to recheck their answers if and asked groups to concentrate on the numbers in
noticed they had made a mistake. | allowed them twrder to complete our chart.
work independently. Once disagreements had been resolved, we
With rare exceptions, groups used the pencitrossed out the incorrect answers. During a discus-
and-paper method in a similar fashion, writing ousion of our efforts to fill in the chart, students
lists of numbers and crossing them out. One groupted that it was “easier to lose your place” when
took a different approach. “Every time you gocrossing out numbers in the larger circles, which
around the circle,” one student explained to meaused an increased amount of errors. The class
“half the players get out. That’s like dividing by 2.also was struck by the fact that different groups
So we are using a calculator and dividing the star&rrived at the same wrong answers for the same
ing number by 2 over and over to see if we can figgroblems. By the end of the second day, we had
ure out the winner.” His partner was checking thénished our chart.
calculator’s answers with pencil and paper. When |
asked if this process seemed to reveal the winner, .
the students acknowledged that it did not, but theLOOklng for Patterns
were not yet done experimenting. “What does youfhe next day, | rewrote a “clean” copy of our chart
method tell you so far?” | asked. After someor 1 to 60 players, filling in the winners we had dis-
thought, one of the students said, “We can tell hoeovered for 1 to 25 players (s&ble 2). During a
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group discussion, students looked for patterns on theset to 1. The class made a number of predictions,
chart and explained their observations to the classsing our posted chart of winners, the written list of
Students found and sharduketfollowing patterns, patterns, and pencil and paper.
which | recorded on the board for later reference: Many students noted that the pattern reset to 1
only on even-numbered rounds. Others realized that
e “Winning numbers go in order, getting biggerthe pattern reset to 1 on the round after the last
skipping by two. They are all odd numbers.” player in the circle had won (stable 3).
* “No even numbers ever win. They always get Another student counted how many numbers, or
knocked out the first time around the circle.” rounds, were in each list before it reset to 1. Others
e “Player 1 wins when this many players are in th@ the class excitedly picked up on the pattern: One
circle: 1, 2, 4, 8, 16. Starting with 1, you doublenumber is on the first list (1), and a new list starts
the number [or multiply it by 2] to get the nextover at 1. Two numbers are on the next list (1, 3),
time Player 1 wins.” and a new list starts again, this time with four num-
e “Player 3 wins when this many players are in théers on it (1, 3, 5, 7).
circle: 3,5, 9, 17. You start with 3 and then dou- Using this pattern, we extended our chart
ble the number and subtract 1.” [3 doubled = &heyond 25 players and predicted that Player 31
6 —1=05;5doubled =10,10-1=9] would win with 31 players in the circle. Then the
e “The last person in the circle is the winner whenvinner would reset to Player 1 with 32 players in
this many players are in the circle: 1, 3, 7, 15he circle (se¢able 4).
You start with 1 and then double the number and We confirmed this prediction by applying three of
add 1.” [1 doubled = 2, 2 + 1 = 3; 3 doubled = 6the other patterns or rules that we had discovered:
6+1=7]
e “Another way to figure out when the last playerl. When Player 1 will win
wins is that if you start with 1, you add 1/2 and2. When the last person in the circle will win
then multiply by 2" [1 +1/2=1 1/2; 1 1R2 3. The relationship between the last player winning
=3;3+1/2=3 1/2;3 122=17] o
e “Another way to figure out when the last playe w

The corrected chart, with room for greater numbers of players

wins is that if you start with 1, you add 2 to gej™]

the next number, then add 4 to get the next nu ) Number 0; Players Wir;-ner Numbersolf Players Winner
ber, then add 8 to get the next number. You ked ﬁ 5 1 22
doubling the number that you add to the answe 3 3 33
beforeit.”[1+2=3;3+4=7,7+8=15] 4 1 34
5 3 35
Using the patterns that students had discoverg 6 5 36
the class made predictions about the winners 7 7 37
higher rounds. Based on the “Player 1" pattern, t 8 1 38
class predicted that the next two times Player 1 wou 9 3 39
win were in rounds 32 and 64. We then predicted th 10 5 40
the next two times Player 3 would win were in round 11 ’ 41
33 and 65. Finally, we decided that all three of th 12 9 42
“last player” patterns indicated that the next time th 13 11 43
last player in the circle would win was in round 31 14 B 44
. 15 15 45
We added all these numbers to our chart, putting 6 1 6
question mark by them so we knew that they we 17 3 e
predictions that needed to be confirmed. | pointed o 18 5 28
to the class that, through the application of differe 19 7 29
problem-solving strategies, we had generated our p 20 9 50
dicted answers using significantly less time and effo 21 11 51
than we had used when creating our original list g 22 13 52
answers. This fact demonstrated the power of effe 23 15 53
tive problem solving. 24 17 54
Students also noticed that there were “lists” o 25 19 55
odd numbers on the chart, each of which startd 26 56
with 1 and increased until, at different points, the lig 27 57
“stopped” and “reset” to 1, at which point anothe 28 58
ascending, odd-numbered list began. | asked t zz 23

class to figure out when a given list would stop an
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One prediction of when the winning number will “reset” to 1

Players Winner Result

1 1 Last player wins
2 1 Player 1 wins
3 3 Last player wins
4 1 Player 1 wins
7 7 Last player wins
8 1 Player 1 wins
15 15 Last player wins
16 1 Player 1 wins
31 317

32 1?

? = Prediction

Predicting winners in future rounds

Number of Players Winner Numbers on List
1 1 1
2 1
3 8 2
4 1
5 3
6 5
7 7 4
8 1
9 8
10 5
11 7
12 9
13 11
14 13
15 15 8
16 1
17 3
18 5
19 7
20 9
21 11
22 13
23 15
24 17
25 19
26 21?

27 23?
28 257
29 27?
30 29?
31 31? 16 ?
32 1?

? = Prediction

and Player 1 winning

All our ideas, rules, and patterns were beginning
to converge. We could predict the winner for a given
number of players with one of the patterns we had
discovered and confirm our prediction with other
patterns. In the above instance, we made and
checked a prediction with four different patterns.

Our work so far had taught my class valuable
lessons about the nature of problem solving. Taking
different approaches to the same problem was not
only possible but also enabled new insights and con-
firmation of ideas and answers to occur. Students
looking at the same data analyzed it in myriad ways,
as shown by the different descriptions of, and means
of calculating, the various number sets. Also, stu-
dents who had different abilities or sets of mathe-
matical knowledge viewed our pattern-seeking in
different ways. Some students used multiplication,
while others used repeated addition. Some students
added or multiplied fractions, while others used only
whole numbers. Some students used mental compu-
tation, while others used pencil and paper or
calculators.

Using the Patterns
During the last two days of the activity, | asked the
class to complete the following tasks:

1. Fill out a chart of winners for 1 to 60 players.

2. Make a list of the first fifteen rounds in which
Player 1 wins.

3. Make a list of the first fifteen rounds in which
Player 3 wins.

4. Make a list of the first fifteen rounds in which the
last player wins.

5. Bonus Challenge: Which player will win when
there are 511 players? 2049 players? 4096
players?

I reminded my class that good problem solvers try
to be thoughtful, careful, and efficient. | asked the
class to give me an example of hoot to proceed.
One student, with most of the other students in agree-
ment, said, “You shouldn’t write out all the numbers
from 1 to 4096 and then cross them all out. It would
take forever and you would probably make a mistake
and have to start over, and your hand would hurt.”
(For a later math challenge, | asked students to figure
out how long it actually would take to do this, assum-
ing that writing a number or crossing it out would
take one second.) “It would be easier to use the pat-
terns we made up to figure out the winner,” the stu-
dent added.

Another student said, “We could get 511 people to
stand in a circle and play the game, but it would take a
long time and how could we find that many people?”
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While many students thought that this method would
be “really awesome,” they acknowledged the impracti-
cality of it. | agreed and asked the students to apply pat-
terns to solve the problems, instead of using a lengthy
elimination process.

| encouraged the students, working with partners or
on their own, to use any means or tools to complete the
challenges. Students were permitted to use calculators
if they thought they would be helpful. As they worked,
| asked the students how they were proceeding, how
they had calculated a given answer, and what informa-
tion on their chart, or what patterns, they had employed
to find an answer.

Students approached the tasks in various ways.
Some filled out the chart in order. Others filled in all the
1s, then all the last players, then all the 3s. Students
selected different patterns to use while making a list of
when the last player would win. All the students used
patterns to calculate when Player 1 would win, but not
everyone used those results to complete the Player 3
list. Realizing that Player 3 always won on the round
after Player 1, some students created the Player 3 list
simply by increasing by one each of the numbers on the
Player 1 list; that is, 2, 4, 8 becomes 3, 5, 9. Others did
not discover this method and calculated a Player 3 list
from scratch without referring to the completed Player
1 list. When time permitted, students who had finished
all the tasks tackled bigger challenges, such as deter-
mining the winner for rounds 65,539 or 131,072.

Conclusion

This project started out as a fun game of elimination
that | played with my class when we found ourselves
with an extra five or ten minutes. Throughout the
week that we played the game, however, my class
was totally immersed in it. Mathematically, it
employed many of the NCTM Content Standards—
Number and Operations, Algebra (patterning), and
Data Analysis—as well as the Process Standards,
most notably Problem Solving but also Reasoning
and Proof, Communication, and Connections. The
activity required my students to employ a range of
problem-solving methods, such as making charts,
diagrams, and lists; looking for patterns; doing a sim-
pler problem; working backward; guess and check;
and logical reasoning. It also allowed my students to
make discoveries independently, in small groups, and
as a class. The activity challenged all my students,
from those who struggled with mathematics to those
who were quite advanced.
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